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We demonstrate that strong inter-orbital interation is very eient to ahieve superondutivity
due to magneti utuations in the iron pnitides. Fermi surfae states that are oupled by the
antiferromagneti wave vetor are often of dierent orbital nature, ausing pair-hopping interations
between distint Fe-3d orbitals to beome important. Performing a self-onsistent FLEX alulation
below Tc we determine the superonduting order parameter as funtion of intra- and inter-orbital
ouplings. We nd an s±-pairing state with Tc ≃ 80K for realisti parameters.
High superonduting transition temperatures and the
proximity to antiferromagneti order strongly suggest an
eletroni pairing mehanism in the FeAs systems[1℄. The
viinity to a spin density wave instability with param-
agnons as dominant olletive mode is key for spin u-
tuation indued superondutivity, where pairing is the
result of paramagnon exhange. However, superondu-
tivity in the iron pnitides ours not only in the im-
mediate viinity of the magnetially ordered state and
the viability of spin utuation indued pairing beomes
an issue that requires a quantitative analysis. In ad-
dition, multi-orbital eets of the Fe-3d bands with a
lling of approximately six eletrons per Fe-site add to
the omplexity of these systems: Eletroni struture
alulations[2, 3℄ yield two sets of Fermi surfae sheets,
one around the enter of the Brillouin zone (Γ-point) and
the other around the M -point, shifted from Γ by the
magneti ordering vetor Q[4℄. Inter-band sattering of
eletrons has been proposed to lead to unonventional
pairing[3, 5, 6, 7, 8, 9, 10, 11, 12, 13℄. While for ertain
parameters other solutions exist[9, 10, 13℄, inter-band
oupling tends to support the s±-pairing state where the
gap funtions on the two Fermi surfae sheets have op-
posite sign.
Cruial for all senarios based upon inter-band satter-
ing is that states |ψΓ,k〉 on one Fermi surfae are oupled
to states |ψM,k+Q〉 on another Fermi surfae, and vie
versa. The natural starting point to desribe eletron-
eletron interations in transition metals is however not
in terms of bands, but rather in terms of loal orbitals
|a〉. Here a = xz, yz, xy, x2 − y2 and 3z2 − r2 refers
to the Fe-3d orbitals, with intra- and inter-orbital diret
Coulomb interations, U and U ′, as well as Hund's rule
oupling JH and inter-orbital pair hopping J
′
. The im-
portane of orbital eets in the iron pnitides was also
stressed in Ref.[14℄. As we will see below, the dominant
eetive spin-utuation indued pairing interation in a
multi-orbital system is of the pair-hopping form:
Hpair =
∑
k,k′;a,b
W abk,k′d
†
ka↑d
†
−ka↓d−k′b↓dk′b↑. (1)
A pair of eletrons in orbital b is sattered into a pair
in orbital a. For a = b we onsider intra-orbital pair-
ing interations, while a 6= b orresponds to an inter-
orbital pairing interation. In both ases, Cooper pairs
are predominantly made up of eletrons in the same or-
bital: 〈d−ka↓dka↑〉 6= 0. In the band piture this yields
the inter-band pairing interation
WΓ,M
k,k′
≃
∑
ab
〈ψΓ,k|a〉
2
W abk,k′ 〈b|ψM,k′〉
2
. (2)
The dominant momentum transfer in the spin utua-
tion approah is of ourse k− k′ = Q. It is interesting to
observe that eletroni struture alulations show that
|ψΓ,k〉 and |ψM,k+Q〉 are often dominated by dierent
orbitals. For example, if 〈xz|ψΓ,k〉 is large, it holds that
〈xz|ψM,k+Q〉 for the same k is small, while 〈xy|ψM,k+Q〉
might be large. In Fig. 1a we illustrate this eet where
distint olors refer to the dominant orbitals on the Fermi
surfae. We used the tight binding parametrization of
the ve band model of Ref.[13℄, where a similar plot was
presented. The three dominant orbitals on the Fermi sur-
fae are xz, yz, and xy. Conneting a Fermi surfae point
by Q =(pi, 0) or (0, pi) leads in most ases to a dierent
orbital. Thus, the orbital omposition of the wave fun-
tion at the Fermi surfae frustrates intra-orbital pairing.
In other words, inter-band but intra-orbital sattering of
spin utuations (∝ W aa
k,k′) provides a less eient pair-
ing glue, if ompared to inter-orbital sattering ∝ W ab
k,k′
(a 6= b) of equal size. It is ruial to determine un-
der what onditions olletive paramagnons with strong
inter-orbital pair-hopping exist.
In this Rapid Communiation we solve the two-orbital
many-body problem in the superonduting state for
varying intra-orbital (U) and inter-orbital (U ′, J ≡ JH =
J ′) ouplings within the self-onsistent utuation ex-
hange (FLEX) approximation[15℄. We obtain superon-
dutivity with s±-pairing. The superonduting order
parameter is determined self-onsistently and vanishes at
Tc ≃ 80K. We demonstrate that strong olletive inter-
orbital spin-utuations are eient to inrease super-
ondutivity. To solve the FLEX equation on the imagi-
nary frequeny axis for a lattie of N = 32× 32 sites and
at temperatures as low as T ≃ 10K we require 213 = 8192
Matsubara frequenies. At the moment, this restrits our
analysis to onsider only two orbitals. In Fig. 1b we show
2(a) (b)
Figure 1: (Color online) Fermi surfae of the ve-orbital (a)
and two-orbital (b) tight binding model of the Fe-3d states
in the unfolded Brillouin zone (one iron atom per unit ell).
Colors indiate the dominant orbital that ontributes to the
bands: xz (orange/gray), yz (blue/dark gray), and xy (yel-
low/light gray). The antiferromagneti vetor Q = (pi, 0)
mostly onnets states dominated by dierent orbitals. The
tight binding parameters are from Ref.[13℄ for panel (a) and
Ref.[12℄ for panel (b).
the Fermi surfae of a two band model with dxz and dyz
orbitals. The mentioned frustration of intra-orbital pair-
ing is less pronouned for this simplied model. Yet, the
phase spae for inter-orbital pairing interations is still
larger ompared to intra-orbital interations.
The model: We onsider the Hamiltonian
H =
∑
k,ab,σ
εabk d
†
kaσdkbσ − JH
∑
i,a>b
(
2sia · sib +
1
2
nianib
)
+ U
∑
i,a
nia↑nia↓ + U
′
∑
i,a>b
nianib + J
′
∑
i,a 6=b
b†iabib, (3)
where niaσ = d
†
iaσdiaσ is the oupation of the or-
bital a with spin σ at site i and nia =
∑
σ niaσ.
sia =
1
2
∑
σσ′ d
†
iaσσσσ′diaσ′ is the eletron spin and b
†
ia =
d†ia↑d
†
ia↓ the pair reation operator, respetively. For
the tight binding band struture we use εxyk = ε
yx
k =
−4t4 sin kx sin ky and ε
aa
k = −2t1 cos ka − 2t2 cos ka −
4t3 cos kx cos ky − µ, where a = x (y) stands for xz (yz)
orbital as well as the momentum oordinate with x = y
and y = x. We use t1 = −0.33 eV, t2 = 0.385 eV,
t3 = −0.234 eV, and t4 = −0.26 eV of Ref. [12℄. Our
results were obtained for a lling of n = 1.88 eletrons
per site, orresponding to moderate hole doping. The
lling of a subset of bands is primarily determined to
reprodue realisti Fermi surfae geometries and yields
ommensurate magneti utuations.
The multi-orbital utuation exhange approah: The
FLEX equations for a multi-orbital problem are given in
Ref.[16℄. In the normal state one obtains the single par-
tile self energy Σabk whih yields the single partile prop-
agator Gabk . Here k = (k,iωn) stands for the momentum
vetor k and the Matsubara frequeny ωn = (2n+ 1)piT
with temperature T . As it is important for our subse-
quent disussion we summarize the key equations that
our in the superonduting state and determine the
anomalous self energy:
Φabk =
∑
k′
∑
cd
Γac,dbk−k′F
cd
k′ . (4)
This equation is the strong oupling version of the gap-
equation.
∑
k . . . =
T
N
∑
k,n . . . stands for the summation
over momenta and Matsubara frequenies. F abk is the
anomalous Green's funtion, that determines the Cooper
pair expetation value 〈dka↑d−kb↓〉 = T
∑
n F
ab
k . Fur-
thermore, Γac,dbq is the dynami pairing interation that
depends on momentum, frequeny and the orbital states
involved, where q = (q,iνn) with νn = 2npiT . Intro-
duing the two-partile quantum numbers A = (a, c) and
B = (d, b) that label the rows and olumns of two-partile
states, the interation, ΓA,Bq = Γ
ac,db
q beomes am
2×m2-
dimensional symmetri operator Γ̂q, wherem is the num-
ber of orbitals. It is now straightforward to sum partile
hole ladder and bubble diagrams. It follows:
Γ̂q =
3
2
V̂s,q +
1
2
V̂c,q + V̂HF , (5)
where interations in the spin and harge hannel are:
V̂s(c),q = ±Ûs(c)
(
1∓ χ̂s(c),qÛs(c)
)−1
χ̂s(c),qÛs(c)
−
1
4
Ûs(c) (χ̂s,q − χ̂c,q) Ûs(c). (6)
Ûs and Ûc are also m
2 × m2-dimensional matries of
the interation in the spin and harge hannel, respe-
tively. Close to a magneti instability, the dominant
ontribution to Γ̂q omes from the spin hannel V̂s,q due
to the Stoner enhanement
(
1− χ̂s,qÛs
)−1
. For the in-
teration matrix in the spin setor holds Uaa,aas = U ,
while for a 6= b holds Uab,abs = U
′
, Uab,bas = J
′
and
Uaa,bbs = JH . The Hartree-Fok ontribution V̂HF =
(Ûs + Ûc)/2 is suppressing superondutivity, an eet
aused by the repulsive diret Coulomb interation. We
nd that the impat of diret Coulomb interation is
strongly redued in the s± state with small, but nite,
average 〈dia↑dia↓〉 for loal Cooper pairing. For a dis-
ussion of this Coulomb avoidane see Ref. [17℄. Fi-
nally, the irreduible partile hole bubble χ̂s(c),q is de-
termined by normal and anomalous Green's funtions:
χab,cd
s(c),q = −
∑
k
(
Gack+qG
db
k ± F
ad
k+qF
cb
k
∗
)
, assuming time
reversal invariane and singlet pairing. We solved the
set of oupled FLEX equations self onsistently in the
superonduting state.
The pairing state and its T -dependene: The momen-
tum dependene of the anomalous self energy Φaak is
shown in the insets of Figs. 3 and 4. The symmetry
of Φabk and of the Hamiltonian are the same, orrespond-
ing to s-wave pairing[12℄. Nevertheless, the sign of Φaak is
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Figure 2: (Color online) Temperature dependene of the
anomalous self energy Φxxk=0,piT , proportional to the super-
onduting order parameter, for U = 1.5eV, U ′ = 1.2eV, and
J = 0.8eV . The inset shows the inrease of Φxxk with inreas-
ing inter-orbital oupling J at T = 60K.
opposite on Fermi surfae sheets around Γ andM , i.e., we
obtain the s± pairing state that was proposed in Ref. [3℄.
While in general suh a state an have nodes of the gap
on the Fermi surfae, our solution orresponds to a fully
gapped state. For a reent disussion of the s±-state see
Ref. [17℄. In Fig. 2 we show the temperature dependene
of the anomalous self energy Φxxk=0, whih is proportional
to the superonduting order parameter. The feedbak
of the opening of a pairing gap onto the dynami pairing
interation leads to the rather rapid growth of the order
parameter below Tc[18℄. Tc ≃ 80K is indeed of the orret
order of magnitude. In the normal state the dynamis
of paramagnons is overdamped Γaa,aaQ,ω ∼ (1 + |ω|/ωs)
−1
.
For the parameters of Fig. 2 we nd ωs (Tc) = 37meV.
This energy sale is redued ompared to the typial ele-
troni energies beause of the Stoner enhanement. It
sets the sale for the Lorentzian lineshape of inelasti
neutron sattering at Q above Tc. A strong pairing in-
teration is aused by a signiant Stoner enhanement,
whih is ontrolled by the value of the magneti inter-
orbital oupling, J . This is demonstrated in the inset of
Fig. 2 where we show the sensitivity of superonduting
order with respet to J at T = 60K.
Intra- versus inter-orbital pairing: For the pnitides,
the pairing vertex Γ̂q in Eq. (4) is dominated by
a few matrix elements. We nd that χA,Bs,q at q ≃ Q
has omparable diagonal elements χd and somewhat
smaller ounter diagonal elements χd in two-partile
spae, while all other matrix elements are negligible.
It then follows from Eq. (6) that the dominant ma-
trix elements of Γ̂q are Γ
ab,ba
q . If one interprets Γ
ab,ba
q
as eetive low energy interation, the ombination of
orbital indies yields preisely the pair-hopping form
Eq. (1) with W abk,k′ = Γ
ab,ba
k−k′ . The eetive Stoner
enhanements for same orbitals a = b are Γaa,aaq ≃
0.025
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Figure 3: (Color online) Intra-orbital and inter-orbital pair-
ing interation at zero frequeny as funtion of momentum
for U = 1.5eV, U ′ = 1eV and J = 1eV at a temperature of
T = 70K along with the self-onsistently determined anoma-
lous self energy Φxxk,piT (inset) that determines the sign and
momentum dependene of the superonduting gap. The
pairing interation is peaked for momenta Q =(pi, 0) and
(0, pi). The anomalous self energy orresponds to s±-pairing
with opposite sign of the gap on Fermi surfae sheets around
Γ and M . Inter-orbital pairing is signiantly smaller.
(U + JH)
(
1− (U + JH)
(
χd + χd
))−1
while for a 6= b
follows Γab,baq ≃ (U
′ + J ′)
(
1− (U ′ + J ′)
(
χd + χd
))−1
.
Whenever U is signiantly larger than the other ou-
plings, Eq. (4) is dominated by interations within
the same orbital. As mentioned, the intra-orbital pair-
ing interation is however rather ineient. The sit-
uation hanges when we onsider omparable values
for the intra- and inter-orbital Coulomb enhanements:
U+JH & U
′+J ′, i.e. a regime with strong orbital utu-
ations. The pairing interation is enhaned, as the nature
of the wave funtions on the Fermi surfae an eiently
take advantage of oupling between distint orbitals, see
Eq. (2) and Fig.1.
The ondition U + JH & U
′ + J ′ is at variane with
the relations U = U ′ + 2J and J ′ = JH that re-
sult from the rotational symmetry of the bare Coulomb
interation[19℄, if ombined with evidene for sizable
Hund oupling[20, 21℄. We stress however that the inter-
ation parameters that enter an approximate theory suh
as FLEX are not idential to the bare Coulomb matrix
elements[22℄. FLEX ignores ruial vertex orretions
and U , U ′ and J should rather be onsidered low energy
interation parameters that have been renormalized by
high energy exitations. Performing a renormalization of
the Coulomb interations within a multiband version of
the Kanamori sattering matrix approah[23℄, we indeed
nd that U +JH ≃ U
′+J ′ for realisti values of the bare
Coulomb matrix elements of Fe[24℄. In this approah,
partile-partile exitations ouple states with k and −k,
i.e., states of same orbital nature. This redues U more
strongly than U ′, JH , and J
′
. Thus, onstraints due to
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Figure 4: (Color online) Same as Fig. 3 but for parameters
U = U ′ = 1.5eV and J = 1eV with same temperature T =
70K. Now intra- and inter-orbital ouplings are of omparable
size, leading to the same superonduting order parameter
as for Fig. 3, however for muh smaller pairing strength,
assoiated with moderate antiferromagneti utuations (see
the dierent sale ompared to Fig. 3).
rotational invariane do not apply for low energy verties
that enter FLEX, and intra-orbital and inter-orbital pair-
ing interations an easily be omparable. The underly-
ing low density expansion makes the Kanamori sattering
matrix renormalization a very sensible approah for the
pnitides, given their near semimetalli eletroni stru-
ture.
In Figs. 3 and 4 we ompare two dierent parameter
sets that yield almost the same value for Φaak at the same
temperature. The rst ase has a predominant intra-
orbital interation whih needs to be very large in order
to ahieve pairing. In the other ase the same pairing
amplitude is obtained from intra- and inter-orbital pair-
ing interations. Γab,baq in Fig. 4 are almost one fth of
the pure intra-band interation in Fig. 3, demonstrating
the eient role played by inter-orbital magneti pairing
interations in the iron pnitides.
In summary we presented a self-onsistent FLEX anal-
ysis of a two orbital model of the FeAs systems in the
superonduting state. We determined the temperature
dependene of the superonduting order parameter and
showed that Tc ≃ 60 − 80K, of the order of the experi-
mental values, are learly possible. The pairing state is
s± with opposite sign of the gap on Fermi surfae sheets
around Γ and M [3℄. In the iron pnitides, states that
are oupled by the antiferromagneti wave vetor are
often dominated by dierent loal Fe-3d orbitals. This
makes a purely intra-orbital pairing interation quite in-
eient. Inter-orbital pairing due to antiferromagneti
utuations yields the same pairing amplitude for muh
smaller Stoner enhanement, i.e., for more moderate val-
ues of the magneti orrelation length. We expet this
eet to be even stronger in a more realisti ve-orbital
desription of the iron pnitides. Colletive low energy
pairing interation between like and unlike orbitals, i.e.,
strong orbital utuations, signiantly enhanes the vi-
ability of the spin utuation approah for superondu-
tivity in the pnitides.
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